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Motivation

Curry-Howard correspondence

Intuitionistic natural deduction and simply typed A-calculus are
corresponding in the following ways:
@ types of the closed A-terms correspond to the theorems of
implicational fragment of intuitionistic logic;
@ type assignment corresponds to the proof of the theorem in the
formal system ND;

@ term reduction corresponds to the proof normalization in the
system ND.



Motivation

Expanding C-H...

@ Natural deduction «~ A-calculus;
@ Hilbert’s axiomatic system «~» combinators;

@ Sequent calculus e~ ?7?7?



Motivation

Sequent calculus - LJ
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Motivation

A-calculus (Herbelin, 1995)

Syntax:
(Terms)  t,u,v == xI|Ax.t|t|t(x =v)
(Lists) L a= (]|t 1]1er | 1(x = t)
Reductions:
(Beons) Axu(vil) —  ulx=v)l
(Bnir) ] —  Axu
(Cvar) mnr  —  t(er)
(Coons) (t=N@r — t:=(I0r)
(Cni) [le/ — 1
(Syes) (xNx=v) — vi{x=v)
(Sno) Mx=v) — ylix=v)
(8) Mu)x=v) — Ay(ulx=v))
(Snir) [Jx=v) — [l
(Scons) (ul){x=v) — ux=v):l{x=v).
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Motivation

C-H correspondence...

...Is satisfied, but not completely!

Normal forms of the A-calculus correspond to cut-free proofs of the
LJT (restricted LJ).



Untyped]uGtz

AGt calculus Gtz
- Typed AG

The syntax

@ Proposed by Espirito Santo [2006];
@ fully corresponds to intuitionistic sequent calculus (with cut rule).

The syntax:
(Terms) t = x|Ax.t|tk
(Contexts)  k == X.t|[t:k

@ term - a variable, an abstraction or an application (cut);

@ context - a selection or a context constructor (cons);

@ terms and contexts are together called expressions, denoted by
E;

@ X.x represents an empty list.
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Typed AG

Reduction rules:

(B) (Ax.t)(u:k) — ux.(tk)

(m) (tk)k' — t(kQ@K')

(o) txv — v[x:=t

(1) X.xk — k,ako x ¢ k

@ v[x := t] is meta-substitution;
@ kQk' is defined with:

(u: k)OK =u:: (k@K')  (X.t)OK =X.tk'.
Normal forms:

(Terms) ty =  Xpf | AX.tof | X(tnf i knf)
(Contexts) kpr = /)?.tnf | tof 2 Knf-



LG calculus

Untyped]uGtz
Typed AG

Example

Reducing T : (Ax.y)(y(z.2) :: uAy.u).

| way:

T —p
-
—

—c
<
—s
<
—

—s

<

(yz.z)x.(yury.u)

y ((z.z2)@x.(yu.Ay.u))
yz.(zx.(yu.Ly.u)

yz. yu.(hy.u)[x = 2]
yz.(yuly.u)

yz. (Ay.u)[u:=y]
yz.(Ay .u)[u:=y]
yzAy'y
(A'.y)lz:=y]

Ay L.



LG calculus

Untyped]uGtz
Typed AG

Example

Il way:

—s

—s

(yz.z)x.(yuAy.u)
(yuly.u)[x :=yz.z]
yu.Ay.u

(W .u)[u:=y]
Ay.y.

Call-by-value and Call-by-name!



Untyped AGtZ

Gtz _
A% -calculus Typed AGZ

Properties

What makes a formal calculus suitable for implementation?
@ Confluence;
@ Preservation of type under reduction (Subject reduction);
@ Strong normalization;

@ Characterization of strong normalization.



Gy Untyped AGZ
Gtz_ y
A% -calculus Typed AGEZ

Simply typed AC%

Mx:AFt:B
)
Fx:AFx:A FEAxt:A—B
Ft:ATl;BEkKk:C Mx:AFt:B
(=) (Sel)
MmMA—BkFt:k:C AFXt:B

Fr-t:AIlAFk:B

(Cut)
M-tk:B

@ Properties: subject reduction; strong normalization.



i Untyped AGtZ
Gtz_ y
A% -calculus Typed AGZ

AC with intersection types

Mx:AFt:B
) ———— ()
r,XiﬂA,'l—X:A,'IZ1 M-ixt:A—B

FEt:A i=1,.,nT;B-k:C Mx:AFt:B
(=) (Sel)
[NA —BkFt:k:C AFXt:B

M=t AL VilNAFK: B

(Cut)
M-tk:B

@ Properties: subject reduction; strong normalization;
characterization of SN.
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Regaining confluence
Confluence . .

Confluence

The confluence (or Church-Rosser property) is one of the desired
properties of a formal calculus.

7 N
t t

N\ /
t/

@ In the diagram, arrows stand for multiple occurrences of the union
of all reductions of the particular formal calculus.



Non-confluence of LG

Regaining confluence
Confluence . .

ACZ_calculus is not confluent, unlike most of intuitionistic formal calculi.
The reason is a critical pair, consisting of ©T and ¢ reductions.

(tk)(x.t')
/n o
t(k@x.t") t'[x = tk]

@ In alot of particular cases these two terms can not be reduced to
the same normal form.
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Regaining confluence
Confluence 9 9

There are two basic directions in solving this problem:
@ eliminate the critical pair by restricting the reduction rules;

@ expand the syntax and create an appropriate type assignment
system.
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"Call-by-value" sub-calculus

@ obtained by forbidding ¢ reduction to perform on the term
(tk)(x.v);

Gtz.
e the syntax of AJ%:

Values T == x|Ax.t
Terms t o= Tltk
Contexts  k == X.t|t:k

@ introduces values as a syntactic category;
e reduction rules of A$% are B, m, u of A%% and

(ov) T(x.t) — tx:=T]



Non-confluence of AGZ

Regaining confluence
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"Call-by-name" sub-calculus

@ obtained by forbidding 7 reduction to perform on the term
(tk)(x.v);

@ the syntax of A%

Terms t o= x|Ax.t|tk
Lists I == Xx|t:]
Contexts  k == [|x.t

@ introduces lists as a syntactic category;
e reduction rules of AS¥ are B, o, u of AG% and

(m) () — t(k@l).

@ (tk)(x.x) is at the same time o-redex and (7, )-redex, but
applying each of these two reductions leads to the result tk.
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Proving confluence

after elimination of the critical pair, we can prove confluence;
we use parallel reductions method;
developed by Takahashi (1995);

adapted by Likavec (2004) for proving confluence of Auji
sub-calculi;

we will sketch the proof for the confluence of AGZ.
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Parallel reductions for A$

t=t (62) t=t, k=K

N ST 3
X=X (91) Ax.t=Ax.t tk=tkK (93)
t=1t t=t, k=K
xX.t=x.t (g4) tok=t oK (95)
t=t, u=u, k=K (g6) T=T,t=t (67)

)= k)=uz (k) 9 TeH=tx=1] Y
t=t, k=K', ki=kK] k=K'

L (g8) = (99)

(tk)ky =t (K'@kK]) X.xk= k'
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Properties of =

(i) Forall E, E=E'.

(i) If E— E' then E= E.

(iii) If E= E' then E — E'.

(iv) If E= E’ and F= F', then
E(x:=F)=FE'(x:=F').
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Confluence

Expression E* is obtained from E by simultaneous reducing of all
existing redexes of E.

*

(1) x*=x

(x2) (Ax.t)" = Ax.t*

(#3) (x.t)* =x.t*

(x4) (t=K)'=t" k¥

(5) (tk)* = t*k* if tk # (Ax.v)(u :: ki) and tk # T(X.v) i tk # (ukq ) ko
(6) ((Ax.t)(u:: k))* = u*(x.t'k*)

(7) (T(x.v))* = v¥[x =T

(+8) ((tk)kt)* = t"(k*©ky).
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Theorem (Star-property of =)
If E=E', then E' = E*.

Theorem (Diamond-property of =)
If Ey <=E = E,, then Ey = E' <= E, for some G'.

Theorem (Confluence of A$#-calculus)

If Ey «— E — E», then E; — E' «— E, for some E’.
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Ongoing and future work

e further investigation of the A8 and A$%Z;
@ expanding the syntax of ACZ with explicit structural rules.
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