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23-".1$

' 2345635$ 78&+ &)-$9 $:$;&<
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456$/ 78$9-(

?)-$ 349 @:$;& ,)<&$.< ;23<<8>) -%"5%3.< 3;;"%9845 &" &+$
$:$;&< &+$) .3) -$%>"%.A

B"% $C3.-2$D
Γ ! 9 : τ; {r(%E), r(%/), w(%E)}

9 7822F 3& ."<&F %$39 >%". %E 349 %/ 349 7%8&$ &" %EA



! :'1#3'#$ ;.-< 456$/ 78$9-(

'<<6.$ 3 <$& A "> :2)*-..-$(.A @A5A A = P({r(%),w(%) | % ∈ ;$"})

?7" &)-845 G695.$4&<D

Γ ! < : τ

Γ ; + ! 9 : τ; 6

τ, σ ::= int | bool | unit | τ × σ | (τ; +) → (σ; 6)



7=',6"$> ?$'/.1# '1/ @&.-.1#

A = P&-(({r(%), w(%) | % ∈ ;$"})

−; {r(%), w(% ′)} ! let = ⇐ read(%) in write(% ′, =)
: unit; {r(%), w(% ′)}



7=',6"$> :.1$'& +$&,.((.*1(

A = {:E ⊗ ... ⊗ :( | :- ∈ {open5, closed5}, 5 ∈ >21-"2}

−; closed5 ⊗ open5 ′ !
open(5); let = ⇐ input(5 ′) in output(5, =); close(5)

: unit; closed5 ⊗ open5 ′



7=',6"$> A$((.*1 456$(

A % ! ::= !τ | ?τ | !E + !/ | !E.!/ | ◦

−; ?int.(!bool + ◦) !
let = ⇐ input in
if = = 0 then output(true) else val ()

: unit; ◦



B*1($C3$19$

H>&$4F 7$ +3I$ -$%.8<<8"4< +F + ′ <6;+ &+3& $I$%) $:$;& + ′
-$%.8&<F + -$%.8&<A J%8&$ &+8< 3< + ⇒ + ′A

K4 &+$ &)-$ <)<&$.D

+ ⇒ + ′ Γ ; + ′ ! 9 : τ; 6 ′ 6 ′ ⇒ 6
Γ ; + ! 9 : τ; 6



A$C3$19.1#
?+$ "#I8"6< 73) &" <$L6$4;$ 9 349 ? 8< 78&+ &+$ %62$D

Γ ; + ! 9 : τ; 6 Γ, = : τ; 6 ! ? : σ; "
Γ ; + ! let = ⇒ 9 in ? : σ; "

M6& ? .3) %$L68%$ $C&%3 -$%.8<<8"4< "I$% &+"<$ #$L6$3&+$9 &"
8& #) 9D

Γ ; 6 • ) ! ? : "
," 7$ <$L6$4;$ #)D

Γ ; + ! 9 : τ; 6 Γ, = : τ; 6 • ) ! ? : σ; "
Γ ; + • ) ! let = ⇐ 9 in ? : σ; "

?+$ "-$%3&8"4 − • ) -23;$< -$%.8<<8"4< NN84 3 ;"4&$C&OOA
B"% %$39845 349 7%8&845F ε • ε ′ = ε ∪ ε ′



+&.,.-.D$ 26$&'-.*1(

Γ ! < : τ op : (τ; +) → (σ; 6)
Γ ; + ! op < : σ; 6

B"% 3 ;"22$;&8"4 Ω "> "-$%3&8"4< op : (τ; +) → (σ; 6)A ?)-$< τ, σ

.6<& #$ 5%"649A



7=',6"$> ?$'/.1# '1/ ;&.-.1#

ε, ε ′ ∈ A = P({r(%), w(%) | % ∈ ;$"})
ε ⇒ ε ′ 8: ε ′ ⊆ ε

ε • ε ′ = ε ∪ ε ′

H-$%3&8"4<D
read% : (unit; {r(%)}) → (int; {r(%)})
write% : (int; {w(%)}) → (unit; {w(%)})



7=',6"$> :.1$'& 6$&,.((.*1(

@,A ::= B | @⊗ A | '
@ ⇒ A 8: @ 349 A 3%$ &+$ <3.$ .62&8<$&A
@ • A = @⊗ A
H-$%3&8"4< P>"% $C3.-2$QD

open5 : (unit; closed5) → (unit; open5)
input5 : (unit; open5) → (int; open5)
output5 : (int; open5) → (unit; open5)
close5 : (unit; open5) → (unit; closed5)



7=',6"$> A$((.*1 456$(

! ::= ?τ | !τ | !E + !/ | ◦ | !E.!/
!E + !/ ⇒ !E 349 !E + !/ ⇒ !/ 349 !.◦ ⇔ ! ⇔ ◦.!
!E • !/ = !E.!/
H-$%3&8"4< Pτ 5%"649QD

inputτ : (unit; ?τ) → (τ; ◦)
outputτ : (τ; !τ) → (unit; ◦)



A$,'1-.9(> +'&',$-$&.($/ 0*1'/(
J$ 58I$ &+$ 3#<&%3;& <$.34&8;< "> &+$ 2345635$ 6<845
-3%3.$&$%8<$9 ."439<A

'4 AR-3%3.$&$%8<$9 ."439 "4 !2, ;"4<8<&< ">D
' >64;&"% C : Aop ×A× !2, → !2,
' &%34<>"%.3&8"4 η+B : B → C(+, +,B)

S3&6%32 84 DF 9843&6%32 84 +A
' &%34<>"%.3&8"4
µ+6"BE : C(+, 6,B) × (B → C(6, ",E)) → C(+, ",E)

S3&6%32 84 BF EF + 349 "A T843&6%32 84 6A
,3&8<>)845D

µ++6(η+(=), &) = &(=) µ+66(,, λ=.η6(=)) = ,

µ+"5(µ+6"(,, &), 8) = µ+65(,, λ=.µ6"5(&(=), 8)).



+'&',$-$&.($/ 0*1'/(
K> + ⇒ + ′ &+$4 7$ ;34 7$3($4 &+$ -%$R-$%.8<<8"4A

C(+ ′, 6,B) → C(+, 6,B)

K> 6 ⇒ 6 ′ &+$4 7$ ;34 <&%$45&+$4 &+$ -"<&R-$%.8<<8"4A

C(+, 6,B) → C(+, 6 ′,B)

T843&6%328&) .$34< &+3& 8> 7$ +3I$D
C(+, 6,B)U
B → C(6 ′, ",E)U
6 ⇒ 6 ′

&+$4 8& 9"$< 4"& .3&&$% 8& 7$ <&%$45&+$4 &+$ V%<&O<
-"<&R-$%.8<<8"4 "% 7$3($4 &+$ <$;"49O< -%$R-$%.8<<8"4 #$>"%$
<$L6$4;845A



A$,'1-.9(

!int" = Z !bool" = B !unit" = {!}

!τ × σ" = !τ" × !σ" !(τ; +) → (σ; 6)" = !τ" → C(+, 6, !σ").

W326$ G695$.$4&< Γ ! < : τ 3%$ 84&$%-%$&$9 #) !Γ" → !τ"A
' G695$.$4& Γ ; + ! 9 : τ; 6 8< 84&$%-%$&$9 #) !Γ" → C(+, 6, !τ")A

!val+ <"ρ = η+(!<"ρ)

!op <"ρ = !op"(!<"ρ)

# + ⇒ + ′ Γ ; + ′ ! 9 : τ; 6 ′ 6 ′ ⇒ 6
Γ ; + ! 9 : τ; 6

$
ρ = C(+ ⇒ + ′, 6 ′ ⇒ 6, !9"ρ)



A$,'1-.9( *) A$C3$19.1#

?" 84&$%-%$& <$L6$4;845F 7$ 4$$9 &" 28>& &+$ •) "-$%3&8"4 &"
84&$%-%$&3&8"4< "> -%"5%3.<A

!$L68%$ 43&6%32 &%34<>"%.3&8"4<

(•)) : C(+, 6,B) → C(+ • ), 6 • ),B)

&+3& ;"..6&$ 78&+ η 349 µD

µ +•5 6•5 "•5 (,•5, λ=.&(=)•5) = µ+6"(,, &)•5 η+(=)•6 = η+•6(=)

T$V4$D

!let = ⇐ 9 in ?"ρ = µ +•) 6•) 5((!9"ρ) • ), λ=.!?"(ρ, =))



!"#$%&'( '1/ 0*1'/(

=2"&(84 349 ="7$%D 9$%8I$ ."439< >"% $:$;&< >%". 325$#%38;
&+$"%8$<A

B"% %$39845 349 7%8&845D
'25$#%38; "-$%3&8"4<D

read% "> 3%8&) N
write%1 "> 3%8&) E

@L63&8"4<D
read%(λ1.read%(λ1 ′., 1 1 ′)) = read%(λ1., 1 1)
,8C ."%$AAA

'4 "-$%3&8"4 "> 3%8&) B &3($< BR.34) ;"4&8463&8"4<F "4$ >"%
$3;+ -"<<8#2$ "6&;".$ "> -$%>"%.845 &+3& $:$;&A



+&*#&',( -* 4$&,(

write(%,E); let = ⇐ read(% ′) in
if = = 0 then write(% ′,/X) else val ()

write% E

read% ′
0

!!!!!!!!!!

E / ""
""

""
""

"
Y

###############

write% ′ /X () () () ...

()



!//.1# +$&,.((.*1( -* 4$&,(

let = ⇐ input in
if = = 0 then output(true) else val ()

{?int.(!bool.◦ + ◦)}
input

{!bool.◦ + ◦}

!!!!!!!!!!!

$$
$$

$$
$$

$$
$$

$

%%%%%%%%%%%%%%%%%

{!bool.◦}
output,)72

{◦}
{◦}
()

{◦}
()

{◦}
()

...

{◦}
()



!//.1# +$&,.((.*1( -* 4$&,(

let = ⇐ input in
if = = 0 then output(true) else val ()

{?int.(!bool + ◦)}
input

{!bool + ◦}

&&&&&&&&&&

""
""

""
""

""
""

%%%%%%%%%%%%%%%%%

{!bool}
output,)72

{◦}
{◦}
()

{◦}
()

{◦}
()

...

{◦}
()



!//.1# +$&,.((.*1( -* 4$&,(

let = ⇐ input in
if = = 0 then output(true) else val ()

{?int.(!bool + ◦)}
input bool ◦

{!bool + ◦}

''''''''''

((
((

((
((

((
((

)))))))))))))))))

{!bool}

output ◦
,)72

{◦}

{◦}
()

{◦}
()

{◦}
()

...

{◦}
()



!//.1# +$&,.((.*1( -* 4$&,(> :.)-.1#

let = ⇐ input in
if = = 0 then output(true) else val ()

{?int.(!bool + ◦).!}
input bool ◦ !
{!bool + ◦}.!

***********

""
""

""
""

""
""

"

)))))))))))))))))

{!bool.!}
output !,)72

{!}
{!}
()

{!}
()

{!}
()

...

{!}
()



+'&',$-$&.($/ !"#$%&'(

'4 AR<8543&6%$ Σ 8< 3 ;"22$;&8"4 "> "-$%3&8"4<

σ : + ← 6B

7+$%$ +, 6 ∈ A 349 B 8< 3 ;"64&3#2$ <$&A

' ΣR325$#%3 84 !2, ;"4<8<&< ">D
' >64;&"% D : Aop → !2,
B"% $3;+ σ : + ← 6B 3 >64;&8"4 σD : D(6)B → D(+)A

Z"."."%-+8<.< 3%$ 43&6%32 &%34<>"%.3&8"4< &+3& -%$<$%I$ &+$
"-$%3&8"4<A

K9$3D D(+) %$-%$<$4&< ;".-6&3&8"4< <&3%&845 78&+ -$%.8<<8"4< +A



E&$$ +'&',$-$&.($/ !"#$%&'(

'4 325$#%3 〈F, {σF}〉 8< >%$$ >"% 3 -$%.8<<8"4 + 349 <$& D 8> &+$%$
8< 34 3%%"7 η : D → F(+) <6;+ &+3& >"% 34) 325$#%3 〈G, {σG}〉 349
>64;&8"4 & : D → G(+)F &+$%$ 8< 3 648L6$ +"."."%-+8<.
# : F → G <6;+ &+3& η; #+ = &A

D F(+) F

G(+) G

!!

""+
++

++
++

++
+

&
##

#+
##
,,
,,
, ,
, ,

#

[8I$< 3 -3%3.$&$%8<$9 ."439 I83 39G64;&8"4< 78&+ -3%3.$&$%<A



B*1(-&39-.1# E&$$ +'&',$-$&.($/ !"#$%&'(
J$ ;34 ;"4<&%6;& &+$ >%$$ -3%3.$&$%8<$9 325$#%3 >"% 3 <8543&6%$
Σ #) &+$ %62$<D

= ∈ D
e(+ ⇒ 6, =) ∈ C (+, 6,D)

σ : + ← 6B ∈ Σ 〈,= ∈ C (6, 6 ′,D)〉=∈B
op(+ ′ ⇒ +, σ, 〈,=〉) ∈ C (+ ′, 6 ′,D)

+&*6*(.-.*1 F4$&, !"#$%&' .( E&$$G
C#2 .2,. C (+, 6,D) "+( 62 *+52 -(,$ + &7(",$)
C : Aop ×A× !2, → !2, .7"# ,#+, &$) +%% + +(5 D/ ,#2 &7(",$)
C (−, +,D) -. ,#2 "+))-2) $& +( ΣH+%826)+I 9$)2$12)/ -, -. &)22 &$) +
+(5 DI



7C3'-.*1(

\$& B #$ <".$ ;"64&3#2) 84V48&$ <$& "> I3%83#2$<A

' <$& "> $L63&8"4< E "> $L63&8"4< >"% Σ ;"4<8<&< "> -38%<D

(,, , ′) ∈ C (+, 6,B) × C (+, 6,B)

>"% <".$ + 349 6A

' ΣR325$#%3 〈D, {σD}〉 <3&8<V$< E 8> >"% 322 (,, , ′) ∈ E(+, 6) 349
>64;&8"4< & : B → D(6)F eval(,, &) = eval(, ′, &) +"29<A

[8I$4 3 ΣR325$#%3 〈D, {σD}〉F 349 &+$ ;"45%6$4;$ ≡ 5$4$%3&$9
>%". E F &+$4 〈D/≡, {σD}〉 8< 3 (Σ, E)R325$#%3A
]"45%6$4;$< %$<-$;& &+$ "-$%3&8"4< 349 >64;&"% 3;&8"4 "> DA



:.)-.1#

?" 9$V4$ &+$ 28>&845 "-$%3&8"4 (•)) "4 &+$ %$<62&845
-3%3.$&$%8<$9 ."439 7$ 4$$9 &7" ;"498&8"4< "4 &+$"%8$<
(Σ, E)D

8> σ : + ← 6B ∈ Σ &+$4 $C8<&< σ • ) : (+ • )) ← (6 • ))B ∈ Σ

T$V4$D

" • e(+ ⇒ 6, =) = e(" • + ⇒ " • 6, =)
" • op(+ ⇒ 6, σ, 〈,=〉) = op(" • + ⇒ " • 6, " • σ, 〈" • ,=〉)

8> (,, , ′) ∈ E &+$4 (, • ), , ′ • )) ∈ E A

]34 ;2"<$ 34) &+$"%) (Σ, E) 649$% &+$ ;"498&8"4< 3#"I$ &" 5$& 3
&+$"%) (Σ∗, E∗) <68&3#2$ >"% &+$ 2345635$A



7."$1%$&#H0**&$ B'-$#*&5 *) !"#$%&'(

@I$%) -3%3.$&$%8<$9 ."439 +3< 34 @82$4#$%5R^""%$ ;3&$5"%)
"> 325$#%3<D

' >64;&"% D : Aop → C
^"%-+8<.< #.E./ : C(.E, ./,D(./)) → D(.E)

K<"."%-+8; &" &+$ ;3&$5"%) "> 325$#%3< >"% 3 &+$"%) #)
P-3%3.$&$%8<$9 $C&$4<8"4 ">Q M$;(O< &+$"%$.A



?$"'-.1# 456$/ '1/ I1-56$/ A$,'1-.9(
'25$#%3< ;"4<&%6;&$9 84 &+8< 73) ;"4&384 84>"%.3&8"4 3#"6&
$:$;& &)-$<A

S$$9 &" %$23&$ &+8< &" &+$ 4"%.32 <$.34&8;< "> &+$ -%"5%3. 84
<".$ ."439 9 &+3& <6--"%&< 322 &+$ #3<8; "-$%3&8"4< 349
$L63&8"4<A

J$ %$23&$ &+$ &)-$9 <$.34&8;< !−", &" &+$ 64&)-$9 <$.34&8;<
!−"7 84 <".$ ."439 9D

T$V4$ 34 $%3<6%$ >64;&8"4 erase : C(+, 6,B) → 9B
,+"7 &+3&F >"% ;2"<$9 -%"5%3.< 3& &)-$ boolF &+$4
erase(!9",) = !9"7A
]"4;269$ &+3&F 8> !9", = !?", &+$4 >"% 322 ;2"<$9 &)-845
9$%8I3&8"4 ;"4&$C&< G[−] "> &)-$ boolF !G[9]"7 = !G[?]"7F
#) ;".-"<8&8"4328&)A



B*19"3(.*1(

=3%3.$&$%8<$9 ^"439< ;34 #$ 6<$9 &" ."9$2 <".$ $:$;&
<)<&$.<
'25$#%38; &$;+48L6$ $C&$49< &" &)-$ 349 $:$;& <)<&$.<
]34 #$ 6<$9 &" %$3<"4 3#"6& $:$;& #3<$9 $L68I32$4;$<

=%"#2$.<D
!$;6%<8"4
@:$;& 9$;"4<&%6;&"%<
Z85+$%R"%9$% <&"%$
T$-$49$4;) "> I326$< "4 $:$;&<


