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TU Braunschweig What is a higher-order program scheme?TU Braunschweig

Interpreted SemanticsUninterpreted
Semantics

D / CPO(D,D)

Scott model of

Semantics

λ-calculus

Y † fi D

Y = λf.f(Y f)

Y † = fix ∈ D
/

CPO(CPO(D,D), D)

In general: signature Σ of givens
p1 = f1

Goal: Category-theoretic account of
both semantics of ho-rps.

f are λ Σ terms over p p

...
pn = fn
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fi are λ-Σ-terms over p1, …, pn



TU Braunschweig History & BackgroundTU Braunschweig

W. Damm (1979): Higher-order program schemes and their languages
K. Aehlig (2006), Miranda (2006): renewed interest in ho-rps

AMV (2006) It ti l b t kM. Fiore, G. Plotkin, D. Turi (1999): 
Abstract syntax and variable binding
 Substitution for finite λ-terms

AMV (2006): Iterative algebras at work
 category-theoretic treatment of
1st-order recursion

R. Matthes, T. Uustalu (2004):
Substitution in non well founded syntax

L. Moss, SM (2006): The category-
theoretic solution of recursive programSubstitution in non-well founded syntax

with variable binding

g
schemes

Combine these ideas for an abstract semantics of higher-order program schemes.
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TU Braunschweig OutlineTU Braunschweig

1. (Completely) iterative algebras

2. Finite and infinite λ-trees categorically.

3. Abstract uninterpreted semantics of ho-rps.

4 Interpreted semantics of abstract ho rps in Scott models4. Interpreted semantics of abstract ho-rps in Scott models.
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TU Braunschweig Iterative algebras – 1st-order caseTU Braunschweig

( )

Σ signature; Iterative Σ-algebra = Σ-algebra A such that finite systems

x1 = t1(x1, . . . , xn, y1, . . . , yp)
...

x t (x x y y )

Σ-termti =
ti = σ(xi1 , . . . , xin), σ ∈ Σn
or
ti ∈ Axn = tn(x1, . . . , xn, y1, . . . , yp) ti ∈ A.

l t l it ti l b fi it d i fi it t h i l ti

have a unique solution in A.

completely iterative algebra = finite and infinite systems have unique solutions

Categorically: take on SetHX = HΣX =
ǹ∈IN

Σn •Xn

Σ-algebra 

A completely 
iterative (cia)

X finiteA iterative   
Theorem. TFAE:

1. T is a final H-coalgebra,
2. T is an initial cia for H.
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TU Braunschweig Category-theoretic setting: presheavesTU Braunschweig

category of finite sets and all mapsF = SetF = sets in context

X : F −→ Set X(Γ) = „terms“ in context Γ( )

Examples Σ signature of givens

V (Γ) = Γ presheaf of variables

( )
⎫

Fλ,Σ(Γ) = finite λ-Σ-trees on Γ

Rλ,Σ(Γ) = rational λ-Σ-trees on Γ

T (Γ) ll λ Σ Γ

⎫⎪⎪⎬⎪ up to α equivalence

Tλ,Σ(Γ) = all λ-Σ-trees on Γ
⎪⎪⎭
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TU Braunschweig
λ-terms as free algebras for endofunctors

TU Braunschweig

t ::= x | tt | λx.tt ::= x | tt | λx.t | σ(t, . . . , t)

λx t ← n+ 1 variablesλx.t|{z}
n variables

← n+ 1 variables
Where are the variables? Hλ,Σ(V )

Theorem. Fλ,Σ

Rλ,Σ

is the free -algebra on V                (Fiore, Plotkin, Turi)

is the free iterative          -algebra on V

Hλ,Σ

Hλ,Σ

is the free completely iterative  -algebra on VTλ,Σ Hλ,Σ
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TU Braunschweig But this is not good enough …TU Braunschweig

What about substitution and ho-rps solutions?

(SetF ,⊗, V )

X ⊗ Y (Γ)
Γ̄Z
S t(Γ̄ Y (Γ)) X(Γ̄)

monoidal category ∼= (Fin(Set),⊗, Id)
X ⊗ Y = X · Y

X ⊗ Y (Γ) =
Z
Set(Γ, Y (Γ)) •X(Γ)

simultaneous substitution of Y-term into X-terms

Fλ,Σ Rλ,Σ Tλ,Σ are monoids = terms closed under simultaneous substitution

Important: the monoid structure needs to be compatible with the algebraic structure.
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TU Braunschweig H-MonoidsTU Braunschweig

(completely) 
it ti

-monoid iff(A, a,m, i) Hλ,ΣDefinition. Hλ,ΣA
a−→ A

m i

algebra

id

iterative

A⊗A m−→ A
i←− I monoid(completely)

iterative such that point strength

F i i i l H id (Fiore Plotkin Turi)Th Fλ,Σ = initial Hλ,Σ-monoid.

Rλ,Σ = initial iterative Hλ,Σ-monoid.

T i iti l l t l it ti H id

(Fiore, Plotkin, Turi)Theorem.
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Tλ,Σ = initial completely iterative Hλ,Σ-monoid.
(partially by Matthes + Uustalu)



TU Braunschweig Higher-Order Recursion SchemesTU Braunschweig

Definition.
finitely presentable

higher-order recursion scheme = X
e−→ Fλ,Σ ⊗ (X + V )

FSetF is a locally finitely presentable category  „good“ notion of finite objects

finitely presentable presheaves:                                             and quotients

finite signature

uninterpreted solution
of a recursion scheme:

j : Fλ,Σ → Rλ,Σ

embedding
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TU Braunschweig Unique Uninterpreted SolutionsTU Braunschweig

Problem.   p1 = p1 has no unique solution

Solution.    disallow single variables on the right-hand sides of equations:

Fλ,Σ = free -algebra on VHλ,Σ =⇒ Fλ,Σ = Hλ,ΣFλ,Σ + V

F ⊗ (X + V ) ∼ (H F + V )⊗ (X + V )Fλ,Σ ⊗ (X + V ) ∼= (Hλ,ΣFλ,Σ + V )⊗ (X + V )

∼= Hλ,ΣFλ,Σ ⊗ (X + V ) + (X + V )

Definition.                                                                  is guarded
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Theorem.  Every guarded recursion scheme has a unique uninterpreted solution.



TU Braunschweig Interpreted SolutionsTU Braunschweig

Given: Scott model of λ-calculus i e
fold : CPO(D,D) / D : unfold

σD : Dn −→ D, σ ∈ Σn

Given:   Scott model of λ-calculus, i.e.,
- embedding-projection pair        
- continuous operations 

hD,Di : F −→ Set, hD,Di(Γ) = CPO(DΓ,D)This gives a presheaf 

Proposition.  is an          -monoid (Fiore, Plotkin, Turi)

Notation. unique -monoid homomorphism.

Hλ,ΣhD,Di

[[−]] : Fλ Σ −→ hD,Di Hλ ΣNotation.                                                unique monoid homomorphism.[[ ]] : Fλ,Σ → hD,Di Hλ,Σ
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continuous function evaluating the term t



TU Braunschweig Interpreted Solutions (2)TU Braunschweig

Definition interpreted solution of in D:X
e→ Fλ Σ ⊗ (X + V )Definition. interpreted solution of in D:X −→ Fλ,Σ ⊗ (X + V )

monoid structure of hD,Di

Theorem. Every higher-order recursion scheme has a least interpreted solution in D.
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TU Braunschweig Conclusions + FutureTU Braunschweig

We combined the work of Fiore, Plotkin & Turi on abstract variable 
bi di d f AMV i i l b f i lbinding and of AMV on iterative algebras for a categorical treatment
of higher-order recursion scheme semantics.

Higher-order recursion schemes have:
- unique uninterpreted solutions,
- least interpreted solutions in Scott models of λ-calculus.

Future:Future:
- Typed λ-calculus
- Relation of uninterpreted and interpreted semanticsp p

(Mezei-Wright-Theorem)
- Sound and complete logical calculi for the equivalence of recursion

schemes
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schemes
- Other applications


