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What is a higher-order program scheme?

TU Braunschweig

Uninterpreted Interpreted Semantics
Af Semantics Af
‘ | D < CPO(D, D)
Q /@\ Scott model of
Y =M.f(Y) f a A-calculus
' Vi — / N\
;oo Y
/N ! Yi=fix € D
Y f /N <
f ; CPO(CPO(D, D), D)
In general: signature X of givens
p1 = 1
: Goal: Category-theoretic account of
Pn = fn both semantics of ho-rps.

f;are A-2-terms over p, ..., p,
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History & Background

TU Braunschweig

W. Damm (1979): Higher-order program schemes and their languages
K. Aehlig (2006), Miranda (2006): renewed interest in ho-rps

AMYV (2006): Iterative algebras at wor
—> category-theoretic treatment of
1st-order recursion

M. Fiore, G. Plotkin, D. Turi (1999):
Abstract syntax and variable binding
- Substitution for finite A\-terms

L. Moss, SM (2006): The category-
theoretic solution of recursive program
schemes

R. Matthes, T. Uustalu (2004):
Substitution in non-well founded syntax
with variable binding

Combine these ideas for an abstract semantics of higher-order program schemes.
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1. (Completely) iterative algebras

2. Finite and infinite \-trees categorically.
3. Abstract uninterpreted semantics of ho-rps.

4. Interpreted semantics of abstract ho-rps in Scott models.

CALCO, Sept. 7, 2009, p. 4



=—= [pstitut fiir
Theoretische
Informatik

lterative algebras — 1st-order case
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2/ signature; lterative Y-algebra = }-algebra A such that finite systems

r1 = t1(®1,.- Ty Y1y Yp) t= o 15), o€,
; or
Ln = tn(xla'”aajnayla"'ayp) ti € A

have a unique solution in A.

completely iterative algebra = finite and infinite systems have unique solutions

Categorically: take HX = Hy X = ][ %, ¢ X™ on Set
neN

Y-algebra - HA—2 32
t
X Jle y A

_ , Sini Theorem. TFAE:
A.cérnh@ltetedg. K Ye [@,A] 1. T is a final H-coalgebra,
iterative (cia)

2. T is an initial cia for H.

X 4+ A—— A A
.E'e1'+
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Category-theoretic setting: presheaves
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J = category of finite sets and all maps Set” = sets in context

X:F—Set X(I')=,terms"incontext I

Examples X signature of givens )\[f @
V(') = T presheaf of variables @ @/ \fo
Fy\s(I') = finite »-X-trees on I’
Ry»(I') = rational \-3-treeson ' }upt ?\ falence/ \
T\s(l) = all MS-treesonT L f2

f/ \
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HxrH,y 5 : Set” — Set”
te=x|tt| Aet|o(t,..., 1)

HyA X = HX+ ][ Z,eX"
0 X (') = AUD nell

Ax.t <+ n -+ 1 variables
N

Where are the variables? H/\,E(V) ables

Theorem. F) s, isthe free H) x-algebraonV
Ry s is the free iterative HA,g—aIgebra onV

T s is the free completely iterative H) x.-algebra on V
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But this is not good enough ...
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What about substitution and ho-rps solutions?

(Set”, ®, V) monoidal category ~  (Fin(Set), ®,Id)

XY =X-Y
X®Y /SetFY e X(T)

simultaneous substitution of Y-term into X-terms

FA,E RA,E TA,E are monoids = terms closed under simultaneous substitution

Important: the monoid structure needs to be compatible with the algebraic structure.
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(completely)

/ iterative

Definition. (A, a,m,7) Hy g-monoid iff HygA — A algebra
(completely) / AR A5 A * 7 monoid
iterative such that point strength

HysA® A 2000 o0 G(Aw A) 2™ Hy 5 A

a®id\[ Ja
> A

AR A —
Theorem. F)y = initial Hy s-monoid.
Ry = Initial iterative H) x-monoid.
Thx = initial completely iterative H) s:-monoid.
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Higher-Order Recursion Schemes
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finitely presentable
Definition. / yP

higher-order recursion scheme = X — Fy 5 ® (X + V)

Set” isa locally finitely presentable category - ,good” notion of finite objects
finitely presentable presheaves: Xy (I') = [ >, ¢ X™ and quotients
f nelN
finite signature
uninterpreted solution X el s Ry 5
of a recursion scheme: 1
e
embedding Fys® (X +V R
j:F)\’g—>R)\’E \ ’ ( ) "
JR(X+V)
Ryy® (X +V) » Ry x @ Ry x
Ry =®[el,i"]
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Unique Uninterpreted Solutions
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Problem. p,=p; has no unique solution

Solution. disallow single variables on the right-hand sides of equations:

Fy s =free Hy y-algebraonV = F\s=H\sF\s+V
F)\,E(X)(X—I-V) = (HAEFAE‘|‘V) (X+V)
= HyxF\s® X—|—V X—FV

Definition. X " s F\ys®(X+V) isguarded

~

~
e
e > can
if3 ~ _ T
~

HysF . (X +V)+V

Theorem. Every guarded recursion scheme has a unique uninterpreted solution.
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Interpreted Solutions
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Given: Scott model of A-calculus, i.e.,
- embedding-projection pair >  fold: CPO(D, D)< D : unfold
- continuous operations > oc?:D"—D, oc€ex,

This gives a presheaf > (D, D):F — Set, (D, D)(T') = CPO(D", D)

Proposition. (D, D) is an H) 5;-monoid

NN SA ST Ns

Fyx(T) ~—55 (D, D)(T) = CPO(D, D)

| > [t]r : DY — D

\

continuous function evaluating the term t
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Interpreted Solutions (2)
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Definition.  interpreted solution of X — Fy 5 ® (X + V) in D:

%

X » (D, D)

J Tm

Fys®((X+V) —— ]>(D,D>®(D,D)

~—

monoid structure of (D, D)

Theorem. Every higher-order recursion scheme has a least interpreted solution in D.
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Conclusions + Future

TU Braunschweig

We combined the work of Fiore, Plotkin & Turi on abstract variable
binding and of AMV on iterative algebras for a categorical treatment
of higher-order recursion scheme semantics.

Higher-order recursion schemes have:
- unique uninterpreted solutions,
- least interpreted solutions in Scott models of A-calculus.

Future:
- Typed X-calculus

- Relation of uninterpreted and interpreted semantics
(Mezei-Wright-Theorem)

- Sound and complete logical calculi for the equivalence of recursion
schemes

- Other applications
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